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$\frac{\partial u}{\partial t}=\frac{\partial^{2}u}{\partial x^{2}}+\alpha u$ in $\Omega\cross(0, T$], (1)
$u(x, O)=f(x)$ on $\Omega$ , (2)
$u(x,t)=0$ on $\partial\Omega$ (3)
. $\alpha$ , $f(x)$ , $\Omega=(0,1)$ .
Crank –Nicolson , :
$\frac{\partial u}{\partial t}\approx\frac{v_{i,j+1}-v_{i,j}}{k}$ (4)
$\frac{\partial^{2}u}{\partial x^{2}}+\alpha u\approx\frac{1}{2}[\frac{v_{1-1,j+1}-2v_{i,j+1}+v_{i+1_{\dot{d}}+1}}{h^{2}}+\alpha v_{i,j+1}$
$+ \frac{v_{i-1,j}-2v_{i,j}+v_{i+1,j}}{h^{2}}+\alpha v_{i,j}]$ . (5)
$v_{i,j}$
$(x_{i}, t_{j})$ $u_{i,j}$ , $x_{i}=ih$ ($i=1,\ldots$ ,N-l), $h=1/N,$ $t_{j}=jk$





$= \frac{1}{2}rv_{i-1,j}+(1-r+\frac{1}{2}\alpha k)v_{1,j}+\frac{1}{2}rv_{i+1,j}$ (6)
. $r=k/h^{2}$ . $O(k^{2}+h^{2})$ .






$\frac{\partial v_{i,j}}{\partial t}=\frac{v_{i-1,j}-2v_{i,j}+v_{i+1,j}}{h^{2}}+\alpha v_{i,j}$ (7)
.
$\frac{dV(t)}{dt}=\frac{1}{h^{2}}AV(t)$ (8)





$::$ : $\alpha h^{2}-20_{1}]$ (9)






1 $A$ $A= \sum_{i=1}^{s}A_{i}$ .
$\exp(\frac{k}{h^{2}}A)=\lim_{\sigmaarrow\infty}[\prod_{i=1}^{s}\exp(\frac{k}{\sigma h^{2}}A_{i})]^{\sigma}$ (12)
. $S$ $\sigma$ .











$\exp(\frac{k}{\xi h^{2}}A_{i})\approx(I-\frac{k}{2\xi h^{2}}A_{i})^{-1}(I+\frac{k}{2\xi h^{2}}A_{i})$ (15)
$O(k^{3})$ . (15) (13)
:
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$O(k^{3})$ . (15) (13)
:
$\exp(\frac{k}{h^{2}}A)\approx\{\dot{\prod_{=1}^{N-1}}[(I-\frac{k}{2\xi h^{2}}A_{i})^{-1}(I+\frac{k}{2\xi h^{2}}A_{i})]\}^{\xi}$ . (16)
$u(x_{i}, t_{j})$ (11) (16)
:
$V_{1}(t_{j+1})= \{\prod_{i=1}^{N-1}[(I-\frac{k}{2\xi h^{2}}A_{*}\cdot)^{-1}(I+\frac{k}{2\xi h^{2}}A_{i})]\}^{\xi}V(t_{j})$ , (17)
$V_{2}(t_{j+1})= \{\prod_{i=1}^{N-1}[(I-\frac{k}{2\xi h^{2}}B_{i})^{-1}(I+\frac{k}{2\xi h^{2}}B_{i})]\}^{\xi}V(t_{j})$ , (18)
$\tilde{V}(t_{j+1})=\frac{1}{2}[V_{1}(t_{j+1})+V_{2}(t_{j+1})]$ . (19)
$B_{i}=A_{N-i}$ . 1 Crank –Nicolson
, . [I-
$(k/(2\xi h^{2}))A_{i}]$ :
$[I-(k/(2\xi h^{2}))A_{i}]=\{\begin{array}{lll}I_{i-1} R_{i} I_{N-2-i}\end{array}\}$ . (20)
$i$ , $R;h$
182
$R_{i}=I_{2}- \frac{r}{2\xi}\{\begin{array}{llll}(\alpha h^{2} -2)/2 1 1 (\alpha h^{2} -2)/2\end{array}\}$ (21)
. , $R_{i}$
$R_{i}^{-1}= \eta I_{2}+\eta\frac{r}{2\xi}\{\begin{array}{llll}-(\alpha h^{2} -2)/2 1 1 -(\alpha h^{2} -2)/2\end{array}\}$ , (22)
. $\eta=1/[(1-(r/4\xi)(\alpha h^{2}-2))^{2}-(r^{2}/4\xi^{2})]$ . ,
$[I-(k/(2\xi h^{2}))A_{i}]$ :






$f(x)=1.0$ for $x\in(0,1)$ ,
(3) . $\alpha=1$ .
$E(x, t)= \sum_{n=1}^{\infty}[1-(-1)^{n}]\frac{2}{n\pi}\sin(n\pi x)\exp((1-n^{2}\pi^{2})t)$
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. $N=40,$ $k=0.1,$ $t=0.5$ Fig. 1 . Table 1
. Fig. 2 $N=40,$ $k=0.01,$ $t=0.5$
, Table 2 .
$A^{\cdot}lg$ . $1$ . $\perp\tau=\not\in\cup,$ $\kappa=\cup.1,$ $\zeta=4\cup,$ $\tau=u.0$
Table 1. The comparison of the theoretical solution and numerical solutions
with $N=40,$ $k=0.1,$ $\xi=40$ .
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Fig. 2. $N=40,$ $k=0.01,$ $\xi=40,$ $t=0.5$
Table 2. The comparison of the theoretical solution and numerical solutions
with $N=40,$ $k=0.01,$ $\xi=40$ .
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Fig. 1 Fig. 2 Crank –Nicolson Fig. 1
. $k$ $h$ . Table 1 Table
2 $(0,1)$ Crank –Nicolson 4%
5% $k$ $h$ . ,
Crank-Nicolson , Fig. 1 , 2 $k$ $h$
. , Crank –Nicolson 0.5% 0.006%
. Fig. 3 Fig. 4 , $t=0.5$ $t=1.0$
. , Table 3 Table 4 Fig. 3,4
.
Fig. 3. $N=40,$ $k=0.05,$ $\xi=40,$ $t=0.5$
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Table 3. The comparison of the theoretical solution and numerical solutions
with $N=40,$ $k=0.05,$ $\xi=40$ .
Fig. 4. $N=40,$ $k=0.05,$ $\xi=40,$ $t=1.0$
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Table 4. The comparison of the theoretical solution and numerical solutions
with $N=40,$ $k=0.05,$ $\xi=40$ .
Crank–Nicolson
, Crank–Nicolson
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